We discuss a continuum-based model describing the deformations of lipid membranes subjected to intramembrane viscosity. Within the frame work of the theory of an elastic surface, the membrane equilibrium equations and the expressions of viscous stress are obtained. The corresponding deformation energy of the membrane is computed via the first and second fundamental form of surface. A compatible linear model is also formulated within the prescription of superposed incremental deformations through which the deformation profiles of the membrane is obtained. It is shown that the intramembrane viscous flow gives rise to straining effects on the membranes. Further, the corresponding dynamic edge conditions reduce to purely elastic boundary conditions in the limit of vanishing viscous effects. Lastly, admissible sets of velocity fields are also examined and are used to formulate membrane shape equations and the associated dynamic boundary conditions.
Introduction
The study of mechanical responses of lipid membranes is of great importance in the understanding of the essential cellular functions such as fission, fusion, and budding [1] [2] [3] . Lipid bilayers are composed of transversely oriented lipid molecules containing hydrophilic head groups and hydrophobic tails. These molecules arrange themselves into a two-layered sheet (a bilayer structure) with opposing orientations that effectively shield the tail groups from the surrounding aqueous solution (Gorter and Grendel [4] ). Later, in 1959, David Robertson ([5] ) identified that the bilayer structure is characteristic of all biological membranes (biomembranes). The microstructures (lipid molecules) of lipid membranes are unique in that they are aligned to the normal direction of the membrane prior to the deformations. In the continuum-based modeling and analysis, the distinct configuration of individual lipid molecules is accounted for by employing a director filed "d" on a material point of the membrane surface. Within this prescription together with the symmetric array of lipid molecules about the mild plane, lipid membranes can be regarded as a simple fluid membrane where its free energy is expressed as a function of Mean and Gaussian curvatures via the first ( ) and second ( ) fundamental forms. In particular, the letter requires the computation of the second gradient of deformations (strain gradient). The concept has been widely and successfully adopted in the relevant subject of problems where the microstructures of materials dominate the general mechanical responses (see, for example, [6] [7] [8] [9] ).
Within this context, much theoretical work has been developed based on Helfrich potential [10] which leads to the systems of Partial Differential Equations (PDEs) via the utilization of the virtual work statement of liquid crystal [11, 12] . The numerical solutions of PDEs, often referred to as membrane shape equation, can be uniquely determined by imposing admissible sets of boundary conditions (Neumann, Dirichlet, and/or mixed) and more importantly exhibit ensuing smooth and stable behaviors with the domain of interest. This is benefited by the positive definiteness of the Helfrich potential and the uniqueness theorem of an elastic membrane dictated by Ericksen and Toupin [13] . Facilitated by the abovementioned results, a wide range of problems has been studied such as budding formations [14, 15] , thickness distensions [16] , and membranesubstrate interactions [17, 18] . Authors in [19] discussed 2 Mathematical Problems in Engineering the role of Lagrange-multiplier fields in the shape equations and demonstrate that there exist particular sets of Lagrange multiplier which produces a unique converged solution. Further, the mathematical perspective of shape equations and associated boundary conditions are discussed in [20] .
However, little has been devoted to the deformation analysis of lipid membranes subjected to intramembrane viscosity [21, 22] . Authors in [21] present nonlinear models which accommodate the effects of intramembrane viscous flow and studied the relations between the membrane deformations and viscous flows. A particular set of viscous flow fields is examined in [22] within the approximated setting of the corresponding deformations. A limited contribution has been made for the more general class of viscous flows and the assimilations of the compatible boundary conditions. Further, the corresponding analyses are heavily omitted hindering researchers to investigate relevant subjects of problems.
In this study, we present a complete analysis for the deformations of lipid membranes subjected to intramembrane viscosity. By employing the theory of an elastic surface, the membrane equilibrium equations are obtained and are used to determine the deformation profiles of the membrane. The deformation energy of the membrane is accounted for by means of the Mean and Gaussian curvatures of the surface which are the function of the first and second fundamental form [23] . Further, the viscous stresses are computed via the material time derivatives of a position vector leading to the expression of the time rate of the surface matric (the first fundamental form) [21, 22] . In particular, we formulate a viable, mathematically tractable, linear prediction model within the prescription of superposed incremental deformations, while maintaining the rigor and sufficient generality in the corresponding analyses. The associated edge conditions and admissible sets of viscous flow fields are also examined. A local straining of the membrane is observed due to the presence of intramembrane viscous flow. We also demonstrate that the dynamic edge condition reduces to those in the case of purely elastic surfaces in the limit of vanishing intramembrane viscous flows (i.e., constant and/or zero velocity fields over the domain of interest). Furthermore, we examined the admissible sets of nonlinear periodic distributions of velocity fields and present associated formulations in the cases of rectangular and circular portions of the membranes. It is observed that symmetric velocity field results in vanishing tangential (shear) forces at the boundary while a nonzero shear force is induced in the case of nonsymmetric viscous flow. The obtained results can be employed in the deformation analysis of the membranes subjected to various types of viscous flows knowing the fact that any real valued functions can be approximated using periodic series expansions (e.g., Fourier expansions).
Throughout the paper, we make use of a number of wellestablished symbols and conventions. Thus, unless otherwise stated, Greek indices take the values 1 and 2. Einstein summation is applied for the repeated indices.
Inviscid Fluid Membranes
In the present study, we adopt the frame work of differential geometry [24] in the deformation analysis of fluid membrane. Let represent two-dimensional surface, parameterized by two embedded surface coordinate ( 1 , 2 ), such that the parametric position vector r ∈ R 3 of a point on the surface is defined by the mapping r = ( ). The local surface coordination is then given by n( ) = (1/2) a × a where n is a unit normal to the deformed surface and a and a are associated tangent vectors defined by r , ( , ) = r/ = a ; and /√ refers to the two-dimensional permutation tensor with = det( ). Thus, for example, we evaluate as 11 = 22 = 0, 12 = − 21 = 1. Here and henceforth, Greek indices take values of 1 and 2 and Einstein summation is applied for repeated indices. The Levi-Civita contraction of the surface metric is defined by = a ⋅a , where the dot stands for the Euclidean inner product. The matrix of the surface metric is a positive-definite, with > 0, leading to the existence of dual metric which is the inverse of the surface metric (i.e., = ( ) −1 ), if , the inverse of the surface metric , exists (i.e., = ( ) −1 ) and is referred to as the dual matrix components of . In particular, a semicolon denotes surface covariant differentiation defined by [24] 
where Γ = a , ⋅ a are the Christoffel symbols induced by the local surface coordinate on and a is the dual basis, defined as
Equations (1) and (2) furnish well know Gauss-Weigard equation:
where are the coefficient of the second fundamental form (curvature) and their symmetric properties can be seen as
Also, the contravariant cofactor of the curvature tensor is given by [24] ̃= (6) which is again symmetric (i.e.,̃=̃) from the result of (5). We note here that (5) is valid for the sufficient smoothness of r up to the second-order (i.e., r ∈ C). Also, substituting (3) into (1) yields
Within this prescription, the equilibrium state of a purely elastic surface, subjected to normal pressure , is given by [23] T ; + n = 0,
where T and n are the stress vectors and the local surface unit normal, respectively. Further, the associated deformation energy of the surfaces can be expressed by the two primary parameters: the coefficient of the first fundamental form (the surface metric) and the second fundamental form (the curvature). In the case of fluid films whose energy density per unit mass of the surface is = ( , ), T takes the following compact form [23] :
and = ( + )
In a typical environment, where fluid films are subjected to morphological transitions, the reference velocity of the system is low and therefore the corresponding Reynolds numbers are sufficiently small [25, 26] . Further, it is widely accepted that lipid membranes are relatively stiff against areal dilation in comparison with bending or shear motions [27, 28] . This implies that deformations preserve surface area. In other words, fluid films are subjected to the two-dimensional incompressibility = 1 which can be incorporated by replacing as [23] = − ,
where , , and are, respectively, a constitutive function, mass density, and the Lagrange-multiplier field associated with surface pressure;
The energy density per unit area of the surface is then defined by [21] ( , , ; , ) = ,
where the expressions of Mean and Gaussian curvatures of surfaces (i.e., and ) are given explicitly as [24] = 1 2 and = 1 2 .
In particular, satisfies̃= ,
which can be easily seen from (6) . Therefore, we find = 1/ ( − ) and subsequently obtain from (10) that
Using chain rules, we evaluate
where = / and similarly for other terms. The derivatives of , and with respect to can be evaluated as [23] = − 2 , = − 1 2
Accordingly, (17) reduces to (e.g.,
Also from (12) and (13), can be computed as = ( / − / ) , = / − / 2 − / + / 2 , and thus it yields
Substituting (20) into (19) furnishes
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In the above we make use of the identity = 2 − from the Cayley-Hamilton theorem and 2 = (see (12) ). Thus, from (21) and the symmetry of and̃, (10) 1 becomes
where
Now, we evaluate ( (1/ )( − )/ ) as
Since,
Equation (24) becomes (e.g.,
Invoking (26) and (10) 
where = from (5). Further, by combining (8) and (9), we find
Lastly, we project (28) into normal direction by applying dot product of unit normal n and subsequently obtain
But, since a ⋅ n = 0, (n ⋅ n) , = 0, and a ; = n (see (7)), the above reduces to
Similarly, for tangential projection (e.g., a ⋅a = , a ; ⋅a = n ⋅ a = 0, etc.), we have
where n , ⋅a = − a ⋅a = − = − from Weingarten equation.
Viscous Fluid Membranes
The straining effects of the fluid attribute viscous stresses which can be incorporated via the formulation of the time derivative on the evolving surface matric [29, 30] . The expression of the corresponding stress is given by [31] 
where ] is the intramembrane shear viscosity and the superscript dot ( * ) refers to the time derivative. Since = a ⋅ a , we find thaṫ=
In order to computė, we require to evaluateȧ = ( r/) ; the velocity of a material point on initial surface Ω with respect to the referential frame (Lagrangian). Here we conveniently denotes this via the convected coordinate such that the referential position vector x( ) ∈ Ω. While is fixed coordinate, the material coordinate constantly moves on the current surface over time interval (see Figure 1) . They occupy the same point in the space at the particular time instant, say = 0 , and thus x( ) = r( , 0 ). However, at the instant moment later they are displaced (i.e., ̸ = at 0 + ) and so do x and r. Thus we observe that the surface coordinate is a function of and which satisfies ( , 0 ) = [29] [30] [31] . Accordingly, the corresponding velocity field can be computed via the material time derivative of a position vector as
In the above, V = / are the components of the tangential velocity of a material point. While V are well defined, the physical implication of r remains to be clarified. To see this, we make use of normal and tangential decomposition of u as
where u ⋅ a = ( r/ ) ⋅ ( / r) = / = V ( , ). Comparing (34) and (35), we obtain and thereby we observe that r is the normal velocity of a material point with magnitude |r | = . Now, we evaluateȧ in terms of convected coordinateṡ 
Therefore, (38) reduces toȧ
where u , = u , and / = 0. In other words u , = u/ , at the considered instant ( = 0 ).
In addition, from (35), we compute
where n , = − a from (4) and V ; = V , − V Γ . Now, from (33), (39), and (40), we obtaiṅ
Substituting the above into (32) yields 
Therefore, we obtain the expression of the stress in the case of viscous fluid membranes by combining (22) , (23), and (43) that
From (27), it is not difficult to show 
While the second term in the above is relatively straight forward (i.e.,̃= ), the first term is not obvious which can be seen via the Cayley-Hamilton identity as
Thus, the equation of motion for the viscous fluid membrane can be obtained from (30) and (45)-(47) that
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Now, in view of (14), (48) can be rewritten as
where we computẽusing (15);
By interchanging indices (i.e., ←→ and ←→ ) and evaluating covariant derivatives, we reduce (49) to
where Δ is the Laplace-Beltrami operator (i.e., Δ = ; ) on the surface .
In order to obtain tangential equations of motion, we compute
In the above, we use the fact that the covariant derivative of scalar fields is a scalar derivative (i.e., ; = , , ; = , , etc.). Applying the Cayley-Hamilton identity, we find
and thereby reduce (52) to
Further, combining (45) and (46) yields
By substituting (54) and (55) into (31), we obtain
The above further reduces to
where = and , = − , − , − , . Since ̸ = 0 (57) furnishes the following tangential equilibrium equation:
For the implementation of the obtained models, we consider the Helfrich type of membranes where the corresponding energy density function is given by [10]
where and are empirical constants related to the bending stiffness of membranes. Thus, we evaluate = 2 and = and obtain from (51) that
Similarly, the viscous stress (see (44)) becomes
Finally, the condition of an incompressible fluid membrane requires/ = (1/2)̇= 0 [32] . Therefore, from (41), we formulate 
Linear Theory within the Description of Monge Parameterization
The deformed configurations of lipid membrane subjected to intramembrane viscous flow can be completely determined
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by the membrane shape equation together with incompressibility conditions (i.e., (60) and (62)). This involves the implementation of the corresponding equations into a desired coordinate system which results in a highly nonlinear nature of Partial Differential Equations (PDEs). The solutions of the resulting PDEs can be accommodated via numerical schemes (e.g., Finite Element Methods). However, the procedures often require massive computational resources. In this section, we present viable alternatives via the utilization of Monge parameterization of surfaces and the methods of "admissible linearization" in an effort to obtain mathematically tractable systems with minimum loss of generality.
Monge Surface Parameterization.
Within the description of Monge parameterization, the material points on the membrane surface can be identified as
where k is the unit normal to the surface and is material coordinate defined on the surface. ( , ) is scalar-valued function describing the elevation of the bilayer membrane midplane. For example, = e in orthonormal Cartesian basis and, unless otherwise specified, the subscripts of the surface coordinates are dropped and replaced by 1 = , 2 = . Thus, we evaluate 
where Kronecker delta and ∇ = , e is the surface gradient. In particular, the expressions of curvature tensor can be computed as
with a being dual basis defined by (see (2)) 
Lastly, we compute the normal velocity and the Christoffel symbols as
where from (34) r ,t = n.
Superposed Incremental Deformations of Lipid Membranes.
The concept of the superposed incremental deformations has been successfully adopted in a number of relevant problems through which one could expect to obtain explicit expressions describing the deformations of the membranes. In the present context, this means that the derivatives of ( , ) of all orders are considered to be "small" (e.g., , ≪ 1.), and thus their products can be neglected (e.g., , , ≃ 0). Accordingly, we compute
and a 2 ≃ (e 2 + ,2 k)
and thereby find a ≃ a = e + , k and = a ⋅ a ≃ a ⋅ a = = .
(69)
Further, by invoking (68) and (69), (64), (65) 
In particular, (65) reduces to
8
Mathematical Problems in Engineering
Here, the subscript ( * ) refers to the projected counterparts of ( * ) on the reference plane and ∇ 2 is the second gradient of which satisfies Δ = (∇ 2 ) (the surface Laplacian). Using the obtained results through (68)- (71), we now approximate the straining (41), viscous stress (61), and incompressibility condition (62), respectively, aṡ
and
Lastly, the normal and tangential equations of motion (see (58) and (60)) can be reduced to (e.g., ≃ (1/2)Δ , V ; ≃ V , , etc.)
The above may be recast as
where we applied the following identities (e.g., , = , ,
= 0.
(78)
Admissible Boundary Conditions and Linear Approximations
The admissible sets of boundary conditions for the membranes subjected to intramembrane viscous flows are discussed in the works of [17, 21] . For the uniform Helfrich type of membranes (i.e., = 2 + ), these are given by [17]
where V and are the magnitudes of unit tangent and normal to the parametric curves on (see Figure 2 ). The expression of can be obtained by taking arc length derivative of r( ) with respect to as = r ( ) , ( : arch length parameter on ) .
Together, they form a local orthonormal basis (i.e., k × = n). Hence, the normal curvatures in the directions of^and yield ] = k ⋅ bk, = ⋅ b and = ⋅ bk (see, also, Figure 2 ) .
We now introduce an orthonormal basis on the projected plane such that
where is the unit tangent to the projected curve defined by = , ( : arch length parameter on ) ,
and k is the unit normal to the plane . We note that, here and henceforth, the subscript ( * ) refers to the projected counterparts of ( * ) on the projected plane . Up to the leading order approximation, the two coordinates are related by (see, for example, [19, 20] )
Mathematical Problems in Engineering where (] ) = e ⋅ k and (] ) = e ⋅ and is the unit alternator defined by 12 = − 21 = 1 and 11 = 22 = 0. Thus we find from (71), (81), and (84) that
Consequently, the edges conditions (see (79)) reduce to
Rectangular Portion of Membranes under the Effects of Viscous Flow.
We now consider the membrane flows over a rectangular portion of the plane (see Figure 3) . During such motion, lipid molecules constantly flow in through 
In view of (64), the latter condition requires n = (k − ∇ )/√ = k, and thus the second of (92) leads to
on the boundary. Further, (93) is equivalent to
which can be seen by using chain rule (e.g.,
The imposition of kinetic conditions is completely arbitrary depending on the desired applications and yet must satisfy the condition of incompressibility (V , = 0). For example, one could propose the following velocity potential:
where is constant real number. We then evaluate , = V = ,
Equation (97) satisfies V , = 0, since both V , and V , are individually nulled out and therefore, no viscous effects are created (e.g., V , = , = 0). One of the physically meaningful (and admissible) velocity potentials is
which yields
and V , + V , = − = 0 (see, also, Figure 3 ) .
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The corresponding edge forces are now computed as (i.e., V , = , = 0 and V , = − = 0)
where is interpreted as a prescribed surface pressure (i.e., ] = − ). In the case of nonviscous fluid membrane (i.e., purely elastic boundary: V = V = 0), (100) 1 reduces to (see, for example, [16, 21] )
Finally, the shape equation (see (76)) becomes
We also find that the tangential equation of motion is automatically satisfied
since , = 0 for constant and
Thus the solution of (102) can be completely determined by imposing (92), (93), and (95). Here we intentionally omit the details for the sake of conciseness which can be found in [22] . The deformation of the lipid membrane subjected to the normal flow on the surface of the membrane and the internal pressure field is presented in Figure 4 . The resulting deformation contour is elongated in direction due to the straining effects of the applied viscous flow. In the limit of vanishing viscous flow, the solution recovers to the results in [18] . It is also noted here that other sets of velocity field can be considered. For example, in the assimilation of nonuniform velocity fields, one could use periodic distributions as V = cos cos and V = sin sin ,
which satisfies
Lastly, knowing the fact that either ] or ] vanishes on the boundary (e.g.,^= −V e 1 = −e 1 and = − e 2 = −e 2 so that V = = 0 on Ω 1 (see, Figure 3 )), we find Equation (106) identically vanishes (i.e., ](V , + V , ) ] = 0). Thus, (100) 2 yields = 0 which implies that no tangential (shear) force is acting on the boundary (the velocity field is symmetric).
Circular Portion of Membranes under the Effects of Viscous
Flow. Lipid membranes are often subjected to interactions with other cellular organisms such as proteins and nucleus. Considering their morphological boundaries (e.g., circular, elliptic, etc.), a Cartesian coordinate may not be suitable for studying such interactions. For this purpose, we present an analysis under polar coordinate system such that the local orientation is defined by
The membrane-substrate interactions are driven by the binormal force acting on the interacting boundary ( = , see Figure 5 ) of an annular domain while outer boundary is clamped similar to the rectangular portion of membrane (i.e., = 0 and , = 0). From (90) and (108), the binormal force can be computed as 
By invoking (70) and (88), the above further reduces to (i.e., = ⋅ (∇ 2 )k = (−e ) ⋅ (∇ 2 )(−e r ) = 0))
If the driven force is measured per unit area (denoted as ), (88) requires = = (1/2)(Δ ) , and thus yields
Also, the condition of incompressibility in a polar coordinate is given by
Now, we consider circumferentially dominant viscous flow as
so that the incompressibility condition is met;
Since either ] or ] vanishes on the boundary (e.g.,^= −V e = −e , = − e = −e and V = = 0 on both Ω and Ω (see Figure 5) ), we find
Further, in view of (88) and (100), the above identically vanishes (i.e., ](V , + V , ) = 0, ∵ V , = 0 and V , = 0) and therefore, (100) 2 is satisfied. The case of radially dominant viscous flows can also be assimilated by considering the following velocity fields:
Accordingly, we evaluate
Thus, the incompressibility condition is automatically satisfied;
The associated tangential force can be computed as ](V , + V , ) ] = ](V , + V , ) = 0 so that = 0 on the boundary. Lastly, we consider a nonlinear periodic viscous flow by introducing the following velocity fields:
such that (112) is satisfied
+ sin (2 ) = 0.
In particular, we compute as
which further implies that the velocity field is nonsymmetric (nonzero shear forces acting on the boundary). The deformations of membranes subjected to substrate interactions and intramembrane viscosity can be uniquely determined from the shape equations (75) and the boundary conditions (93), (94), and (111). The results in Figure 6 illustrate that corrugation is observed over the domain of interest due to the intramembrane viscosity and is faded away when the viscous effects are removed. The procedures are relatively straight forward and therefore are reserved for the sake of conciseness.
Conclusions
We present a rigorous analysis for the mechanics of fluid membranes subjected intramembrane viscous flow. The induced membrane free energy is computed using Mean and Gaussian curvatures, essentially, through the first and second fundamental form (the second gradient of deformations). The corresponding normal and tangential equilibrium equation is then formulated based on the theory of elastic surface and is used to obtain the membrane shape equations. More importantly, we derive a compatible linear model within the prescription of incremental deformations superposed on large. The admissible sets of viscous flow fields are examined through which the deformation profiles of fluid membranes are obtained. It turns out that intramembrane viscous flow gives rise to straining effects of the membrane. We also show that the dynamic edge conditions reduce to purely elastic boundary conditions in the limit of vanishing viscous effects (i.e., constant flows). Lastly, we have considered nonlinear periodic distributions of viscous flow fields and demonstrated that there exist particular sets of viscous flows which satisfy the conditions of incompressibility. It is found that the corresponding tangential (shear) forces are identically vanished in the cases of symmetric velocity field while nonzero tangential forces are created for nonsymmetric flows. The results can be further extended to the morphological analysis of membranes subjected to various types of viscous flows in that velocity potential functions can be approximated via periodic series expansions (e.g., Fourier series expansion).
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